A group is called a CA-group if the centralizer of every non-central element is abelian. Furthermore, a group is called a minimal non-CA-group if it is not a CA-group itself, but all of its proper subgroups are. In this paper, we give a classification of the finite non-solvable minimal non-CA-groups.
Introduction
Let X be a class of groups. A group G is called a minimal non-X group or an X -critical group if G / ∈ X , but all proper subgroups of G belong to X . The minimal non-X groups have been studied for many classes of groups X . For instance, Miller and Moreno [4] investigated minimal non-abelian groups, while Schmidt [6] studied minimal non-nilpotent groups. The latter are known as Schmidt groups -see also [9] . Furthermore, Doerk [1] determined the structure of minimal non-supersolvable groups.
We say that a group G is a CA-group if the centralizer of every noncentral element is abelian. Examples of infinite CA-groups are free groups and Tarski monsters groups. Finite CA-groups are of historical importance in the context of the classification of finite simple groups, and there is a complete classification of finite CA-groups by Schmidt [7] as follows: Theorem 1.1. Let G be a non-abelian group, and let Z denote the center of G. Then G is a CA-group if and only if one of the following holds:
(1) G is non-abelian and has an abelian normal subgroup of prime index. (2) G/Z is a Frobenius group with Frobenius kernel K/Z and Frobenius complement L/Z, where K and L are abelian. (3) G/Z is a Frobenius group with Frobenius kernel K/Z and Frobenius complement L/Z, such that K = P Z, where P is a normal Sylow p-subgroup of G for some prime p dividing the order of G, the group P is a CA-group, Z(P ) = P ∩ Z and L = HZ, where H is an abelian p ′ -subgroup of G.
where P is a non-abelian CA-group of prime power order and A is abelian.
where p is a prime and p n > 3. (7) G/Z ∼ = PSL (2, 9) or G/Z ∼ = PGL (2, 9) , and G ′ is isomorphic to the Schur cover of PSL (2, 9) .
In this paper, we classify the non-solvable finite minimal non-CAgroups -that is, the finite non-solvable groups which are not CAgroups themselves, but all of whose proper subgroups are:
Main Theorem 1.2. A finite group G is a non-solvable minimal non-CA-group if and only if G ∼ = PSL(2, q), and one of the following holds:
(1) q > 5 is a prime number, and 16 ∤ q 2 − 1.
(2) q = 3 p , where p is an odd prime number.
(3) q = 5 p , where p is an odd prime number.
The proof of the main theorem
To prove the main result, we need the following lemmata. (1) One class of subgroups isomorphic to C q ⋊ C (q−1)/(2,q−1) ;
(2) One class of subgroups isomorphic to D 2(q−1)/(2,q−1) , in the case that q / ∈ {5, 7, 9, 11}; (3) One class of subgroups isomorphic to D 2(q+1)/(2,q−1) , in the case that q / ∈ {7, 9}; (4) Two classes of subgroups isomorphic to A 5 , if q ≡ ±1 (mod 10), and F q = F p [ √ 5]; (5) Two classes of subgroups isomorphic to S 4 , if q 2 ≡ 1 (mod 16), q prime; (6) One class of subgroups isomorphic to A 4 , if m = 1 and q is congruent to either 3, 5, 13, 27 or 37 (mod 40); (7) Two classes of subgroups isomorphic to PGL(2, p m/2 ), in the case that p is odd and m is even; (8) One class of subgroups isomorphic to PSL(2, p n ), where m/n is an odd prime or p = 2 and n = m/2.
Lemma 2.2. A projective special linear group PSL(2, q) is a minimal non-CA-group if and only if one of the following holds:
Proof. Let p be a prime, let m be a positive integer, and put q := p m and G := PSL(2, q). If p = 2, then G is a CA-group by Theorem 1.1.
Therefore from now on we assume that p > 2.
Since the non-CA-group S 4 embeds into G if and only if q 2 ≡ 1 (mod 16), the group G can only be a CA-group if 16 ∤ q 2 − 1.
Suppose that p > 5. If m = 1, then by Lemma 2.1, the group G has a proper subgroup isomorphic to PSL(2, p). By Theorem 1.1, the latter is not a CA-group. Therefore we can assume that m = 1.
Suppose that p ∈ {3, 5}. If m is not a prime, then G has a subgroup isomorphic to H = PSL(2, p r ) for some r | m and r > 1, and H is not a CA-group. Therefore in this case G can only be a CA-group if m is a prime number. Now let 16 ∤ q 2 − 1, where q is either a prime number greater than 5 or a power of 3 or 5 with prime exponent. In this case, we conclude from Lemma 2.1 and Theorem 1.1 that it is enough to show that every subgroup isomorphic to C q ⋊ C (q−1)/(2,q−1) is a CA-group -as it is easy to see that all other subgroups of G are CA-groups. For this, we show that these subgroups can be constructed in the following way:
We define two types of elements d a (a ∈ F * q ) and t b (b ∈ F q ) of the special linear group SL(2, q) as follows:
Now putL := L/Z, where Z is the center of SL(2, q). It is not hard to see thatL is a Frobenius group with complement and kernel D/Z and T Z/Z, respectively. Hence by Theorem 1.1, the groupL is a CAgroup. (2, 9) . First suppose that K ∼ = SL(2, q) for some prime power q. Put Z := Z(G) and C := C G (K). We claim that C = Z. Assume, on the contrary, that Z < C. Given y ∈ G, put H y := KC y ≤ G.
First consider the case that H y is a proper subgroup of G, for every y ∈ G. In this case, by assumption, the H y are CA-groups. Therefore by Theorem 1.1, we have H y /Z(H y ) ∼ = PSL(2, q). Since K ∼ = SL(2, q), we hence have y ∈ Z(H y ), so in particular y commutes with all elements of C. Now since by assumption all H y are proper subgroups of G, this implies that all y commute with all elements of C, or in other words, that C ≤ Z. It follows that C = Z, as claimed.
Now consider the case that G = KCY , where Y = y for some element y ∈ G and Y C. Let b ∈ F * p , and let L and t b be the subgroup and the element of G defined in the proof of Lemma 2.2 (see (*)), respectively. Now we can assume that conjugation by y induces a field automorphism of K/Z(K) ∼ = PSL(2, q). Since any field automorphism fixes the prime field and since for odd q we have PSL(2, q) ∼ = SL(2, q)/ −1 , we see that y normalizes L and that conjugation by y either maps t b to itself or to −t b . Clearly
As we have C = Z, the group G/Z has an element g conjugation by which induces a field automorphism or a field-diagonal automorphism of K/Z(K) ∼ = PSL(2, q). -Otherwise we would have G/Z ∼ = PGL(2, q), which implies by Theorem 1.1 that G is a CA-group -a contradiction. Let L be as above. Then the group g acts on L by conjugation. Now the group S := L g is a proper subgroup of G which by Theorem 1.1 is not a CA-group.
Now suppose that K is the Schur cover of PSL(2, 9) ∼ = A 6 . It is obvious that G/C is an almost simple group with socle KC/C ∼ = A 6 .
First we claim that G/CK does not contain an element which induces the field automorphism of PSL (2, 9) . Assume, on the contrary, that G/CK contains an element which corresponds to the field automorphism of PSL(2, 9) ∼ = A 6 . Then the group G/C has a normal subgroup isomorphic to S 6 . Therefore in particular it has a subgroup isomorphic to the standard wreath product S 3 ≀ C 2 of S 3 and C 2 . Let T be a subgroup of G such that T /C ∼ = S 3 ≀ C 2 . Since T is a CA-group, one can conclude that T is as in Theorem 1.1, Part (1) . But such a group does not have a factor isomorphic to S 3 ≀ C 2 -a contradiction. Hence our claim is proved.
So we have either G/KC ∼ = σ or G/KC ∼ = σφ , where φ corresponds to the field automorphism and σ corresponds to the diagonal automorphism.
In the former case we have G/C ∼ = PGL (2, 9) . Let T < G be a subgroup such that T /C is isomorphic to the dihedral group of order 8 or 10. By Theorem 1.1, we conclude that C = Z, and that G is a CA-group -and therefore not a minimal non-CA-group.
In the latter case we have G/C ∼ = M 10 , where M 10 is the Mathieu group of degree 10. Let T < G be a subgroup such that T /C ∼ = C 2 3 ⋊Q 8 is a Frobenius group of order 72. So T is as in Theorem 1.1, Part (2) or (3) . But the Frobenius complement Q 8 of T /C is not abelian -and hence T is not a CA-group, and G is not a minimal non-CA-group. Proof. Let G := Sz(r), where r = 2 2n+1 for some n ≥ 1.
If 2n + 1 is prime, then by [3] , Theorem 3.3, the group G is a Zassenhaus group of degree r 2 + 1. Let N < G be a point stabilizer. Then N is a Frobenius group with a non-abelian kernel K of order r 2 and a cyclic complement H. Hence, by Theorem 1.1, N is not a CA-group, and therefore G is not a minimal non-CA-group.
If 2n + 1 is not prime, then G has a subgroup isomorphic to Sz(r 0 ), where r 0 = 2 s for some prime number s, which has a subgroup that is not a CA-group. First we prove that k = 1. On the contrary, assume that k ≥ 2. Since T is a CA-group, we have T /N ∼ = PSL(2, q) and N ⊆ Z(T ). Now take a non-abelian subgroup of T , say H. Then obviously the subgroup generated by H and one other copy of T is not a CA-group -a contradiction. So we see that M/N is isomorphic to PSL(2, q) and N ⊆ Z(M). By similar arguments, we have C G/N (M/N) = 1, and hence G/N is an almost simple group with socle M/N. Since G is perfect, we get a contradiction, and hence G/N is simple. If all subgroups of G are solvable, then G is a minimal non-solvable group. In this case, by [8] , the Frattini quotient G/Φ(G) is isomorphic to either a Suzuki group or a projective special linear group. Now we claim that Φ(G) = Z(G). Let T be a subgroup of G such that T /N is a dihedral group of order q − 1 or q + 1 or 2(q − 1). Then T is a solvable CA-group, so it falls under one of the cases (1) -(5) in Theorem 1.1. We conclude that N < C G (N), and so N = Z(G).
As G is perfect, N is contained in the Schur multiplier of G/N. Therefore G is isomorphic to either a special linear group, 3. A 6 , 6. A 6 , a projective special linear group, or a Suzuki group. By Lemma 2.4 and 2.2, among these groups, only the projective special linear groups PSL(2, q), for some particular values of q, are minimal non-CA-groups. Now assume that G has at least one non-solvable subgroup, and that also all non-solvable subgroups of G have a factor isomorphic to either PSL(2, q) or PGL(2, q). It is not hard to see that for every non-solvable subgroup H/N of G/N, the quotient (H/N)/Z(H/N) is isomorphic to either PSL(2, q) or PGL (2, q) . With a case-by-case analysis we can see that the only simple groups which satisfy these conditions are projective special linear groups PSL(2, q) for certain prime powers q. Now Lemma 2.2 completes the proof. 
